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Abstract

Scalar mixing in turbulent jets is modeled using a hybrid Monte Carlo PDF method which solves for the joint velocity-scalar

PDF. Molecular scalar mixing is modeled by: Interaction by Exchange with the Mean, Coalescence/Dispersion (C/D), Binomial

Langevin and Mapping Closure models. The concentration ®eld statistics adopt a self-similar solution along rays emerging from

the jets virtual origin. Predicted PDF's of the normalized concentration are compared to measurements. All mixing models yield

good agreement with the measurements at all radial and axial positions. The C/D model gives the best results close to the centerline

but at the edge of the jet, the model predicts unrealistic PDF shapes. Ó 1998 Published by Elsevier Science Inc. All rights reserved.
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1. Introduction

In recent years, the Monte Carlo PDF approach has found
many applications in the modeling of turbulent reacting ¯ows.
The main bene®t of the method lies in the ability to treat the
mean chemical source terms exactly without a-priori assump-
tions on joint multi-scalar statistics (Pope, 1990). In the trans-
port equations for the scalar PDF, the e�ects of molecular
di�usion or `micro-mixing' occur in unclosed form (Pope,
1985). The objective of this study is to assess the performance
of several well-known micro-mixing models in an inert turbu-
lent ¯ow where scalar mixing is representative for the situation
in jet di�usion ¯ames.

The con®guration studied here is gas-phase mixing in
equal-density free turbulent jets. For these ¯ows, concentra-
tion measurements were reported by Dowling and Dimotakis
(1990). It was found that, along rays emerging from the jets
virtual origin, the concentration ®eld statistics adopt a self-
similar solution. Comparing results of the self-similar scaled
concentration, the scalar PDF's are governed only by the mix-
ing model and the speci®c ¯ow model is not important.

Simulations are performed with a hybrid Monte Carlo
method (Correa and Pope, 1992) which solves for the joint
PDF of velocities and scalars. The micro-mixing models con-
sidered in this study are: Interaction by Exchange with the
Mean, Coalescence/Dispersion, Binomial Langevin and Map-
ping Closure models. First, predictions of concentration mean
and variances are presented to show that the predicted ®elds
are self-similar. Second, PDF's of the normalized concentra-
tion are compared with experimental data and with assumed-
shape b-function PDF's.

2. Monte Carlo PDF model

2.1. PDF transport equation

In the PDF formulation used here, the transport equation
for the one-point joint velocity-scalar PDF is solved. Starting
from the transport equations for velocity and composition,
the PDF transport equation is derived (Pope, 1985). In this
equation, the e�ects of turbulent convection and chemical re-
action occur in closed form. The unclosed terms describe the
e�ects of the ¯uctuating pressure gradient and molecular di�u-
sion. The evolution in velocity space is modeled by the Simpli-
®ed Langevin model of Haworth and Pope (1986). Here, we
focus on the e�ects of molecular mixing. Under the in¯uence
of micro-mixing, omitting the velocity terms and the e�ects
of convection and reaction, the evolution of the joint veloci-
ty-scalar PDF fU/�V ;w; x; t� reads
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in which D is the molecular di�usion coe�cient and /0a, the
Reynolds ¯uctuation of scalar /a. The expression h�j�i denotes
the mean value conditional on the velocity and scalar values.
Because the statistics of scalar gradients cannot be expressed
in terms of the one-point joint velocity-scalar distribution,
the conditional average is unclosed and has to be modeled.
The e�ects of this term on the scalar distribution and modeling
of this term are described below.

2.2. Monte Carlo solution method

In the Monte Carlo solution method, the PDF is represent-
ed by a large ensemble of notional particles with properties like
position, velocity and scalar values. The particle properties
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evolve according to particle models such that the evolution of
the statistics of the particle ensemble corresponds to the mod-
eled PDF evolution. In our hybrid Monte Carlo solver (Correa
and Pope, 1992), the mean ®elds of velocity, pressure, turbu-
lent kinetic energy and turbulent dissipation are computed ex-
ternally by a standard ®nite volume method (FVM) in which
turbulence is modeled by a standard k±� model.

2.3. Micro-mixing models

In this study, four models for scalar micro-mixing are con-
sidered: the Interaction by Exchange with the Mean, Coales-
cence/Dispersion, Mapping Closure and Binomial Langevin
models. The models satisfy three basic requirements for mixing
models. First, the mean value is conserved in the mixing pro-
cess. Second, the scalar variance decays according to a pre-
scribed decay rate x/. This decay rate is modeled by
x/ � C/x � C/�=k. The mechanical-to-scalar time-scale ratio
C/ is known to vary between 0.5 and 4 for inert scalar mixing
(Warhaft and Lumley, 1978) but here it takes the standard val-
ue 2. A third property of scalar mixing is the fact that scalar
values stay within the physically allowed domain (e.g. mixture
fraction is bounded between zero and unity). Even though all
models yield the same evolution for the scalar mean and vari-
ance, the evolution of the higher moments, and thus the PDF
shape, may di�er signi®cantly between di�erent models. The
mixing models used in this study are described brie¯y. For a
more detailed description of the models see the references giv-
en below.

2.3.1. Interaction by exchange with the mean
The Interaction by Exchange with the Mean (IEM) model,

also known as the Linear Mean Squares Estimation (LMSE)
model (Dopazo, 1975), is de®ned as a deterministic relaxation
of all scalar values to the local mean. The scalar variance de-
cays but the shape of the scalar PDF is conserved in the mixing
process.

2.3.2. Coalescence/dispersion
Coalescence/Dispersion (C/D) models are most easily de-

®ned in terms of a particle model. Mixing takes place in ran-
domly selected particle pairs that mix, with a certain
probability, to the mean value of this pair before mixing (Curl,
1963). Here, a version of the model is used in which the degree
of mixing in a particle pair is selected randomly from a uni-
form distribution (Janicka et al., 1979). Because the con®gura-
tion is axisymmetrical, not all Monte Carlo particles have
equal weights (Haworth and El Tahry, 1990) and a modi®ed
expression for the mixing probability has to be used (Nooren
et al., 1997).

2.3.3. Mapping closure
The Mapping Closure mode (MCM) is de®ned as a map-

ping of the scalar ®eld to a Gaussian reference ®eld (Chen et
al., 1989). In the formulation used here, the reference ®eld is
stationary and the mapping function evolves in time. The mod-
el and its implementation are described by Pope (1991). In
pure mixing, an arbitrary initial PDF evolves towards a Gauss-
ian distribution and the mapping function becomes linear.

2.3.4. Binomial Langevin
In the Binomial Langevin (BL) model, the decay of scalar

variance is modeled by a linear relaxation to the local mean
and the e�ects of turbulent dispersion are modeled by a sto-
chastic process (ValinÄo and Dopazo, 1991). The stochastic in-
crements are drawn from a normalized binomial distribution.
As a result the stochastic term is bounded. The parameters
of the binomial distribution are chosen such that the minimal

and maximal values of the increment cannot drive the scalar
particles outside the physically allowed domain. Here a modi-
®ed version of the model is used (see Appendix A).

2.4. Model evaluation

DNS of inert scalar mixing in isotropic homogeneous tur-
bulence (Eswaran and Pope, 1988) showed that the scalar
PDF evolves towards a Gaussian distribution. This asymptotic
behavior for mixing in homogeneous turbulence is often used
to assess mixing model performance. The IEM model predicts
the correct evolution of ®rst and second moments but the PDF
shape is conserved. C/D models predict an evolution of the
scalar PDF towards a bell-shaped function but the normalized
even higher moments approach in®nity. This means that the
limiting PDF is not Gaussian and that the tails of the PDF
are overpredicted. MCM and BL models predict the correct
PDF evolution. Not only is the asymptotic PDF Gaussian
but the PDF agrees well with the DNS data at intermediate
times also.

A well known testcase for mixing of reacting scalars is the
partially stirred reactor (Correa, 1995). Here, the interaction
of reaction and mixing is observed as a function of an imposed
mixing frequency.

A more realistic test of scalar mixing models was performed
by Nooren et al. (1997). For a natural gas±air di�usion ¯ame,
predicted temperature PDF's were compared to measured data
for IEM, C/D and MCM mixing models. Although this case is
representative for many jet di�usion ¯ames, there is no direct
comparison of the principal scalar variable (i.e. mixture frac-
tion) with measured data.

In this study we directly compare mixture fraction, or
equivalently the normalized jet ¯uid concentration, with pre-
dicted scalar mean, variance and PDF's. PDF predictions are
governed by the mixing models only because we compare
PDF's of the scaled concentration C� � C=C. This removes
any dependence on the exact ¯ow ®eld predictions.

2.5. Flow con®guration and numerics

The ¯ow con®gurations studied are equal-density momen-
tum-driven free turbulent jets (Dowling and Dimotakis,
1990). The speci®c jet ¯ows are an ethylene (C2H4) jet in a ni-
trogen (N2) reservoir at Re � 5000 and a propylene (C3H6) jet
in an argon (Ar) reservoir at Reynolds numbers 16000 and
40000. Several relevant ¯ow properties like jet-reservoir den-
sity ratios, Schmidt numbers, inlet diameters and jet exit veloc-
ities are given in Table 1. The reservoir consists of a uniform
low-velocity co¯ow with a velocity less than 0.006 of the jet ex-
it velocity. The Reynolds number Re of the jet is based on the
exit velocity U0, the nozzle exit diameter d and the reservoir
viscosity m1. Measured jet exit turbulence levels are less than
0.2%.

It was found that the concentration ®eld statistics obey a
general self-similar scaling along rays emerging from the jets

Table 1

Relevant gas-mixture and ¯ow properties (Dowling and Dimotakis,

1990)

Re � 5000 Re � 16000 Re � 40000

Jet-reservoir density ratio 1.0015 1.053 1.053

Schmidt number 1.0 1.2 1.2

Inlet diameter d (mm) 19 7.62 7.62

Momentum diameter d� 0.96 d 1.005 d 1.01 d
Jet exit velocity U0 (m/s) 4.14 29.6 74.0
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virtual origin (see Dowling and Dimotakis, 1990 and refer-
ences therein). The term general similarity refers to similarity
independent of Reynolds and Schmidt numbers. This in con-
trast to speci®c similarity which holds only for one speci®c
Reynolds number and one speci®c Schmidt number. The gen-
eral similarity for the mean concentration C takes the follow-
ing form:

C�x; r� � j
C0d�

xÿ x0

g
r

xÿ x0

� �
� j

C0

v
g�g�

with C0 the jet exit concentration, x0 the location of the virtual
jet origin and j a scaling parameter. The scaled axial coordi-
nate is given by v � �xÿ x0�=d� and the similarity variable
reads g � r=�xÿ x0�. The self-similar radial pro®le is given
by the function g�g� with g�0� � 1. The con®guration and
the self-similar coordinate system are depicted in Fig. 1. Ex-
perimental PDF data is available at rays g � 0; 0:06 and
0.12, at di�erent axial locations.

Because only far-®eld properties of the jet are studied, the
exact inlet pro®les are not important here. The jet inlet is mod-
eled with uniform pro®les for velocity, turbulent kinetic energy
and dissipation. FVM calculations were subsequently perform-
ed at stretched rectilinear grids of 75� 50, 150� 100 and
110� 75, and gird independent solutions are obtained at a grid
of 110� 75 cells for all three jets. Standard k±� turbulence
model with standard values for the constants is used.

Monte Carlo calculations are performed on a 110� 75 grid
for Re � 5000; 16000 and 40000. In the experiment the jet is
uncon®ned but in the simulations a con®nement is present to
prevent numerical problems with out¯ow of Monte Carlo par-
ticles. The wall is located far from the axis such that it does not
in¯uence the ¯ow in the jet region. To obtain su�cient statis-
tical accuracy an ensemble of at least 100 particles per cell is
used. Average concentration ®elds are obtained over 500±
1000 iterations. To obtain accurate PDF estimates, a high
number of statistically independent samples is required. From
a stationary solution, particles are sampled every ®ve iterations
over a total of 6000±10 000 iterations. To obtain a large num-
ber of samples within a reasonable amount of time, some of
the simulations are performed on a massively parallel
CRAY-T3E using eight processors and approximately 50 par-
ticles per cell per processor.

Still the PDF's obtained in the far ®eld (at x=d � 90�, may
su�er from a lack of statistically independent samples. This
problem becomes clear by a simple example: At x=d � 90,
Dx=U � 500Dt, where Dx is the cell size, U the average axial
velocity and Dt the time step of the simulation. This means that

particles remain in the same cell for about 500 iterations. Fur-
thermore, 1=x/ � 2000Dt which means that almost no mixing
takes place here. As a result, the same particle scalar value is
sampled 500=5 � 100 times which e�ectively decreases the size
of the ensemble by a factor 100.

3. Results

In this section, results of the Monte Carlo PDF method are
compared to experimental data and FVM results. In the ®rst
part, self-similar scaling of concentration mean and variances
is considered. This provides valuable information for the com-
parison of PDF shapes. In the second part, PDF shapes are
compared. The performance of the mixing models and the im-
portance of the micro-mixing in general are assessed.

3.1. Self-similar scaling of the concentration ®eld

The measured mean concentration was found to be self-
similar along rays emerging from the jets virtual origin. The
scaling parameters j and x0 are determined by a least-squares
estimate from the centerline pro®le of the mean concentration.
Predicted ®elds do, in general, not scale with the same param-
eters as the experimental data. For Re � 5000 this is illustrated
in Fig. 2. Note that the estimated value of j � 7:25 at
Re � 40000 deviates from the values obtained at lower Rey-
nolds numbers �j � 5:8�. For the measured data, this param-
eter was estimated between 5.1 and 5.2. The scaling
parameters x0 and j are summarized in Table 2.

Monte Carlo PDF sampling positions are calculated from
the FVM estimate of x0. Monte Carlo mean ®elds obey the

Fig. 1. Jet con®guration with coordinate system (not to scale!). Physi-

cal coordinates: x; r; scaled axial coordinate: v � �xÿ x0�=d, self-simi-

lar coordinate: g � r=�xÿ x0�.

Fig. 2. Comparison of scaled mean concentration v �C=j for Re � 5000 versus the scaled radial coordinate g � r=�xÿ x0�. Left: scaling parameters

estimated from experimental data, Right: scaling parameters estimated from FVM results. Lines: ± ± x=d � 20, ± - ± x=d � 40, - - -

x=d � 60; . . . x=d � 80.

H.A. Wouters et al. / Int. J. Heat and Fluid Flow 19 (1998) 201±207 203



same scaling law but estimated values of the scaling parame-
ters di�er from FVM values. However, di�erences in PDF po-
sitions do not signi®cantly in¯uence the results.

The measured PDF's of C� obey the general scaling for all
three Reynolds numbers. A necessary condition for self-simi-
larity of the PDF's is the fact that scalar RMS and the scalar
mean follow the same scaling law. It was found that C0rms=C is
constant along rays of constant g and that the ratio has a value
of 0:23� 0:01 at the centerline. The FVM results show the
same scaling behavior. The Monte Carlo results show the same
constant ratio for v > 30 but the initial scalar decay and pro-
duction of scalar variance are higher which results in a higher
RMS-to-mean ratio at axial positions v � 10. As a result,
PDF's at v � 20; 30 do not obey the self-similar scaling law.
The overall behavior of C0rms=C for the Monte Carlo and
FVM results is shown in Fig. 3. Statistical ¯uctuations in sca-
lar mean and RMS cause large ¯uctuations in the Monte Carlo

pro®les even when ®elds are averaged over as many as 10000
iterations. At Re � 40000 (see Fig. 3), Monte Carlo predic-
tions show a high RMS-to-mean ratio which increases to
� 0:33 at v � 80. As a result, PDF's at di�erent axial positions
have similar shape but with di�erent variances.

3.2. Self-similar scaling of predicted PDF's

Fig. 4 depicts scalar PDF's at Re � 5000 for g � 0 and
0.06. Results of the C/D mixing model are compared to as-
sumed-shape b-function PDF's. Assumed-shape PDF's are
constructed using C0rms=C � 0:23 and 0.34 at g � 0 and 0.06
respectively. At the centerline, the similarity of the PDF's at
x=d � 40; 60 and 80 and the b-function is very good. At
x=d � 20, the Monte Carlo model predicts the correct PDF
shape but overpredicts the variance which was already indicat-
ed by the high RMS-to-mean ratio (see Fig. 3). At 3:4� o� cen-
terline �g � 0:06�, the similarity of the C/D predictions is good
but, in comparison with the assumed-shape PDF, the peak at
C� � 1 is too narrow and the tail at high C� is overpredicted.
IEM, MCM and BL models predict PDF shapes that are more
skewed towards low concentrations. For these models, di�er-
ences in the PDF's obtained at di�erent axial locations are
larger than for the C/D predictions.

At Re � 16000, Monte Carlo PDF shapes are the same as
those observed at Re � 5000. However, ¯uctuations in the
RMS-to-mean ratio cause that variances are too large for some
PDF's (for di�erent models and at di�erent axial locations). In
general however, along rays of constant g, PDF's scale more
accurately at Re � 16000 than at Re � 5000.

Table 2

Scaling parameters estimated from the centerline FVM mean concen-

tration pro®les. Reported parameters estimated from experimental da-

ta are given in brackets

Re x0=d j

5000 2:65 �ÿ3:7� 5.85 �5:11� 0:05�
16 000 2:38 �0:5� 5.83 �4:73� 0:1�
40 000 0:19 �0:5� 7.25 (between 5.1 and 5.2)

Fig. 3. Centerline scalar RMS-to-mean ratio versus scaled axial coordinate. Left: Re � 5000. Right: Re � 40000. Results at Re � 16000 are similar

to those at Re � 5000. Lines: ± ± ± Monte Carlo with C/D model, ± ± ± FVM, Vertical lines represent axial locations of sampled PDF's.

Fig. 4. Predicted scalar PDF f �C�� for Re � 5000. Left: g � 0 Right: g � 0:06. Lines: ± ± ± assumed-shape b-function; Monte Carlo with C/D

model: ± ± ± x=d � 20; . . . x=d � 40; ±á±á x=d � 60; ± - - ± x=d � 80.
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At 7� o� centerline �g � 0:12�, the general picture is quite
di�erent from that observed at g � 0 and 0.06. In Fig. 5, the
PDF's predicted by C/D and BL models are depicted for
Re � 16000. The behavior at Re � 40000 is the same. Here,
the C/D model predicts a high probability at low concentra-
tions and the PDF is peaked at C� � 0, at large axial distances.
The PDF's predicted by IEM, BL and MCM models are zero
for C� � 0. Remarkably, BL results are very good in compar-
ison with the other Monte Carlo results. Note that the as-
sumed-shape b-function PDF is zero for C� � 0 by
construction. The behavior of the C/D model is consistent with
that observed in pure mixing in homogeneous isotropic turbu-
lence (see Section 2.4). There, the C/D model overpredicts the
tails of the PDF. In the far ®eld, away from the centerline, the
mixing frequency is low and the probability of ®nding unmixed
particles with zero concentration at the edge of the jet is not
zero, using the C/D model.

As shown in the previous section, the Monte Carlo RMS-
to-mean ratio is not constant at Re � 40000 and predicted
PDF's have the same shape but do not scale correctly. In the
following, the Re � 40000 only, scalar ¯uctuations are re-
scaled such that the RMS-to-mean ratio equals that of the
measurements.

3.3. Comparison with measured PDF's

In this section, Monte Carlo PDF's are compared to mea-
sured data. Because assumed-shape b-function PDF's agree
well with the measurements for all Reynolds numbers, for all

axial and radial positions, results of the FVM are not shown
here.

In Fig. 6, the centerline PDF's are shown for Re � 5000
and 16000. Measured PDF's are estimated from the data pub-
lished by Dowling and Dimotakis (1990). Error bars indicate
the observed unsystematic di�erences in the PDF's at di�erent
axial positions. Presented Monte Carlo PDF's are averages of
the PDF's at x=d � 40; 60 and 80 for Re � 5000, and at
x=d � 30, 60 and 90 for Re � 16000. For Re � 40000, PDF
variances are rescaled before PDF's are averaged over the axial
locations. Measured PDF's at Re � 40000 resemble those ob-
tained at Re � 5000. At Re � 40000, measurements were per-
formed at x=d � 60 only and no error bars can be estimated
from the published data. For this reason, predicted PDF's at
Re � 40000 are compared with the measurements obtained
at Re � 5000.

At the centerline, the C/D model predictions are perfect for
Re � 5000 and 40000 and predictions are good for
Re � 16000. The PDF is within the observed range for almost
all values of C�. PDF's predicted by IEM, BL and MCM mod-
els are skewed towards small concentrations and the maximum
is located at C� � 0:94 compared to C� � 1 for the measured
data and the C/D predictions. The overprediction of the tails
at high C� is caused by a high RMS-to-mean ratio. The under-
prediction of the maximum for IEM, MCM and BL models re-
mains after rescaling of the PDF variances.

Fig. 7 depicts the PDF's at g � 0:06 for Re � 16000 and
40000. The fact that, at certain values of g, the Monte Carlo
model yields a too high and non-constant RMS-to-mean ratio

Fig. 6. Centerline scalar PDF's for: Left: Re � 5000 and Right Re � 16000. Lines: ± ± measurement, � error bars; Monte Carlo predictions: ± ± ±

IEM, . . . C/D, ±á±á MCM, ± - - ± BL.

Fig. 5. Predicted scalar PDF's at g � 0:12 for Re � 16000. Left: C/D model Right: BL model Lines: ± ± assumed-shape b-function; Monte Carlo

predictions at: ± ± ± x=d � 30; . . . x=d � 60, ±á±á x=d � 90.
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is clearly seen in Fig. 7. Predicted PDF shapes are correct but
the variance is overestimated severely. For Re � 40000, pre-
dictions agree well with the experimental data but no distinct
di�erences between model predictions are observed. The aver-
aged predicted PDF's at Re � 5000, show the same features
that were observed for Re � 16000.

PDF's at 7� o� centerline, for Re � 5000 and 16000, are de-
picted in Fig. 8. The measured peak at C� � 0 indicates the ob-
served maximal intermittency. This represents the probability
that unmixed reservoir ¯uid is measured in the jet region.
The scatter in the measured PDF's around C� � 0 is very large
which is caused also by the intermittent character of the jet at
rays far from the centerline. Because of the large scatter in the
experimental data, all model predictions fall within the ob-
served range for most C� values. Again, the IEM model pre-
dicts a peak around C� � 0:5 compared to a higher most
likely value of C� � 0:8 for the measured data. MCM and
BL perform better at these positions than at rays closer to
the centerline. The C/D model, which performs well close to
the centerline, fails to predict the correct PDF shape at the
edge of the jet. At Re � 5000 results are reasonable but at
higher Reynolds numbers, the PDF increases almost linearly
for C� ! 0. This behavior is caused by the stochastic pairwise
mixing process which was mentioned in the previous section.
This result is not caused by intermittency e�ects like those ob-
served in the experiment. The present PDF model assumes one
mean turbulent frequency and it does not mimic e�ects of in-
termittency. IEM, MCM and BL models contain a determinis-
tic drift term to the mean and correctly predict a decreasing
probability for C� ! 0.

4. Conclusions

Accurate prediction of mixture fraction PDF's with the
Monte Carlo PDF method requires highly CPU-intensive sim-
ulations performing many iterations with a su�ciently high
number of particles per cell. Further computations, thereby in-
creasing the number of statistically independent samples did
not directly improve the PDF's presented here. Still, in the
far ®eld, PDF's may su�er from an insu�cient number of sta-
tistically independent samples. A detailed comparison of
PDF's of the normalized concentration C=C is di�cult because
of large statistical ¯uctuations in the predicted RMS-to-mean
ratio.

Close to the centerline, PDF predictions are reasonable for
all models. The IEM model always underpredicts the most
likely concentration value. MCM and BL models show this de-
fect near the centerline but results improve at larger radial dis-
tances. At 7� o� centerline, BL PDF predictions agree very well
with the measured data.

The C/D model performs very well at positions close to the
jet centerline. The most likely concentration value is predicted
correctly and the PDF shape agrees well with the measure-
ments. At the edge of the jet, where the experimental data
show the e�ects of intermittency, the C/D model predicts an al-
most linearly increasing PDF with decreasing concentration.
The PDF model does not account for e�ects of intermittency
and the `linear' PDF shape is caused by the nature of the sto-
chastic pairwise mixing process of the C/D model.

Remarkably, the FVM assumed-shape b-function PDF
agrees very well with the experimental data for all positions.

Fig. 7. Scalar PDF's at 3:4� o� centerline for: Left: Re � 16000 and Right: Re � 40000, here the measurements are those at Re � 5000 (error bars

are likely to be larger for Re � 40000). Lines are the same as those of Fig. 6.

Fig. 8. Scalar PDF's at 7� o� centerline for: Left: Re � 5000 and Right: Re � 16000. Lines are the same as those of Fig. 6. The peak at C� � 0

indicates the maximal intermittency observed.
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The FVM yields the correct RMS-to-mean ratio. Apparently,
the a-priori assumption of a b-function PDF which is paramet-
rized by scalar mean and variance, works well in single-con-
served-scalar methods. E�ects of intermittency are not
captured by our FVM model.

This study has shown details of the e�ects of micro-mixing
on the predicted scalar PDF's. Di�erent mixing models show
no distinct di�erences in scalar PDF shapes. Apparently, tur-
bulent convection is the dominant force in scalar mixing in
these inhomogeneous jet ¯ows. Mixing model performance in
jet di�usion ¯ame simulations will depend on the value of
the stoichiometric mixture fraction and the location of the sto-
ichiometric contour with respect to the edge of the jet. Further
insight in the e�ects of micro-mixing in turbulent reacting jet
¯ows may be gained by combining the results of this study with
similar studies of jet di�usion ¯ames.

Appendix A. Modi®ed BL model

In the BL model, the e�ects of micro-mixing are modeled
by a relaxation of all scalar particles to the local mean com-
bined with a random di�usion term that models the e�ects of
turbulent dispersion. In terms of a stochastic model for scalar
particles /� the model reads

d/� � A�/� ÿ /�dt � B1=2 dW :

Here dW is a stochastic Wiener increment and A and B are res-
pectively the drift and di�usion coe�cients which read

A � ÿ 1

2
x/ 1� j 1ÿ w02

w2

 !" #
;

B � j 1ÿ �/
� ÿ /�2

w2

 !
/02x/

" #
in which x/ is the scalar variance decay rate and j a model pa-
rameter that takes here the value 0.6. The di�usion coe�cient
B is constructed such that it goes to zero at the physical bounds

of the scalar (i.e. /min and /max). The model terms w2 and w02

are de®ned as:

w2 � �/max ÿ /�2 and w02 � h/02j/0 > 0i for /� > /;

w2 � �/min ÿ /�2 and w02 � h/02j/0 < 0i for /� < /:

This modi®cation of the standard model by ValinÄo and Dopa-
zo (1991) is made to handle the mixing of asymmetric scalar
PDF's correctly.
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